PoLITECNICO DI TORINO

BRIDGING COURSE IN
MATHEMATICS

SHEET 5

TRIGONOMETRY

1 TRIGONOMETRIC MAPS

1.1 'THE SINE FUNCTION sin
The map y = sinz has domain R and
range [—1,1]. It is periodic of period
27. Relatively to the interval [0, 2] we
have sin(0) = sin(r) = 0; sin (%) = T 3
1; sin (37“) = —1. The function sinzx
is positive on (0,7) and negative on 1
(m,27); it is increasing on [0, g} and on
[%W,Qﬂ, while decreasing on [g, %ﬂ
The function is odd, in other words

sin(—x) = —sin(x).
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1.2 THE COSINE FUNCTION

The map y = cosz has domain R cos T
and range [—1,1]. It is periodic of pe-

riod 27. Relatively to [0,27] we ha-

ve cos(0) = 1, cos (%) = cos(37) =

0, cos(m) = —1. It is positive on (0, %)U - T
(%7‘(,27T), negative on (g,%w), increa- \/g g\_/x
sing on [, 27| and decreasing on [0, 7).

This map is even, since cos(—z) =
cos(x).




1.3 THE TANGENT FUNCTION

tan
The tangent is defined by y =
tanx = (S;géi Another notation

is y = tgx. The domain is R \
{z =Ttk ke Z}, while the
range is the entire real axis R. It _% 7/
is periodic of period w. Relatively to /7r

(—%, %) the map is positive on (0, %),

negative on (—%, 0), it vanishesat z = 0

and is increasing. It is an odd map, as

tan(—x) = — tan(z).

B

1.4 OTHER TRIGONOMETRIC FUNCTIONS

The reciprocal functions of sine, cosine and tangent are respectively called
cosecant, secant and cotangent:

1
sinx

cong for z # T 4+ km k€ Z;

e Cosecant: cosec x =

for x # km, k € Z;
e Seccant: sec x =

1
tanx

e Cotangent: cotz = for x # kn,k € Z (another symbol is ctg x).

2 FORMULAS

This section contains some of most widely used trigonometric formulas.

1. Fundamental identity
sin?z + cos?z = 1, Vo € R

2. Special angles and corresponding trigonometric values

3. Angles and symmetries
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cos(m + x) = — cos(x) sin(m + ) = — sin(x) tan(m + ) = tan(x)

cos(—x) = cos(2m — x) = cos(x) | sin(—xz) =sin(2r — z) = —sin(x) | tan(—z) = — tan(x)
cos(m — x) = — cos(x) sin(m — x) = sin(x) tan(m — z) = — tan(x)
cos(% +x) = —sin(z) sin(% + x) = cos() tan(% + x) = — cot(x)
cos(% —x) = sin(x) sin(%; — x) = cos() tan(% — a) = — cot(x)

4. Addition formulas

cos(x 4+ y) = coszcosy —sinxsiny | cos(x —y) = cosx cosy + sinzsiny

sin(x + y) = sina cosy + sinycosz | sin(z —y) =sinzcosy — siny cosx

_ tanx 4+ tany B tanz — tany
tan(z +y) = 1 —tanztany tan(z —y) = I +tanztany
5. Duplication formulas
. . 9 . 9 2tanz
sin 2x = 2sinx cos z, cos 2x = cos” x—sin” x, tan2r = ———.
1 —tan”z

6. Product-to-sum formulas

1 1
sinzsiny = a(cos(x—y)—cos(x—i—y)), COST COSY = §(cos(x+y)+cos(x—y)),

1
sinzcosy = §(sin(1: +y) +sin(z —y))

7. Sum-to-product formulas

sinp—i—sinq:Qsinp—gqcosqu
cosp+cosq = 2(;05;L—5qcos‘L5(Z
cosp — cosq = f2sinl%cosl%

sinp —sing = 20051%511&]%

DETAILED EXAMPLES

e Using the addition formulas, we write the following expressions in terms
of sinz, cosz, tanx
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1. cosbx

cos 6z = 2cos® 3z — 1
=2(cos(2z 4+ z))* -1
= 2(cos 2z cos x — sin 2z sinz)? — 1

(2cos*z — 1) cosx — (2sina cos ) sinz)? — 1

2cos®z — cosx — 2cosx + 2cos® )2 — 1

(
=2(
(2cos® x — cosz — 2(1 — cos® x) cosx)? — 1
(
(

2
2
2(4cos®x — 3cosx)? — 1
32

cos® & — 48 cos* & — 18 cos® & — 1.

2. sin (2z + %)
™ ™ ™
in (2 —): in 2z cos ~ 22 sin =
sm( x + 6 sin Jccos6 -+ cos $81n6
3 3
:—sin2z+£cos2z
2 2
1
= V3sinzcosz + §(c082x —sin? z)
3. tanbx
tandx + tanx

tan 5.1' = tan(x + 4£C) m

(1 — tan? z)?
4tanz(1 — tan? 1)
tan*z — 6tanz + 1

4tanz(1 — tan® x)

tandr +tanr  tan*z — Gtan®a + 1
1 —tanxtandzs 4tanz?(1 — tan® )
~ tan®z —6tan®x + 1

_ tan® z — 10tan® = + 5tanx

S5tant*z — 10tan?z + 1

+tanx
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3 TRIGONOMETRIC EQUATIONS

3.1 BASIC TYPES

sinx =c¢ cosT =c

c| >1 | no solution no solution

c| €1 | infinitely many solutions, among | infinitely many solutions, among
which z; € [—%, %} and x93 = | which z; € [0, 7] and x5 = —2;.
T™— 1. Other solutions obtained by
Other solutions obtained by | periodicity: x1 4+ 2km, xo + 2km.
periodicity: xy + 2k, xo + 2km.

c
c
™ 27 I Y R e 27 I Y
sinz =¢, Jc]>1 sinz =¢, ¢/ <1
c
g ¢
@ 27 3n ¥ R @ 27 3n ¥
cosz=c¢, |c|]>1 cosz=c, <1

The equation tanx = c¢ has exactly one solution x; in (fg, g), all other
solutions have the form x1 + km, k € 7Z.
3.2 LINEAR EQUATIONS IN SIN AND COS

Equations of the form asinz + bcosx = ¢ can be solved by various means. In
general, we can write the system

asinz +bcosz = ¢
sinx +cos?z =1

Putting sinx = z and cosx = t, we obtain

az+ bt =c
2412 =1

3.3 HOMOGENEOUS EQUATIONS OF DEGREE 2 IN SIN, COS

Equations like
asin?z + beos® x + csinxcosx = d
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can be reduced to homogeneous ones by writing
.2 2 . _ 2 .2
asin®x + bcos” x + c¢sinz cos x = d(cos” x + sin” x).

From this
(a —d)sin®x + (b — d) cos> x + csinz cosx = 0.

If a = d the solution is immediately found. Suppose then a # d and note that
the angles x such that cosx = 0 do not give solutions; therefore we can divide
by cos? z and get a quadratic equation in ¢ = tan x:

(a—d)t* +ct+(b—d)=0.

3.4 BROAD INDICATIONS TO SOLVE TRIGONOMETRIC EQUATIONS

e Using the definitions write all trigonometric functions in terms of only sine
and cosine.

e Write everything in terms of the same angle.

e In absence of source terms, factorize the equation and consider the factors
separately.

e Examine carefully the admissible values when performing algebraic ope-
rations, such as dividing by a function.

DETAILED EXERCISES

e Determine graphically the arc a such that

sina:lwithg<a<7r \J

4

sirlcy:f§w1‘5h7r<oz<3’77r
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e Check on the picture how many angles satisfy the conditions

sinz = —% with0<z<m Answer: 0

cosx:f% with 0 <z <7 / Answer: 1

tanx =1 with0<x <nrm J Answer: 1

e Solve the equations on [0, 27]

1. sin (x + %) = sin (23@ + %)

. _ 5 2 _ s
Answer: z = 56T+ 5km Uz = —5m+ 2kn
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2. cos?z+2cosz—3=0
t =cosx

2 +2t—3=0
t=1—cose=1—2a=0
t=-3—>cosx=-3— Az

Answer: x =0

in2 2 2. 2
3. \/sm T + cos?x + tan® x = 7

V14 tan?z = 2

sin® x
1+ —" =
cos? x
1
V cos? x

w

[\

S

2

il

Jcosa] = 22
cosx| = —
2
cosx:iﬁ
2

Answer: x = £, 5%, %’T, s

4  TRIGONOMETRIC INEQUALITIES

The procedure for solving a trigonometric inequality should always rely on the
geometric viewpoint, by sketching the graphs of the maps involved, or looking
at the unit circle.

For the basic inequalities sinx < ¢, cosx < ¢, tanx < ¢, one solves first
the corresponding equations, draws the map’s graph and then determines the
solution interval.

EXAMPLES

e Solve graphically

(©Politecnico di Torino 8 Bridging course in mathematics



|tanz| > /3

: 1
[sinz| < 3

e Solve the inequalities on [0, 27]

3
2

~

J Answer: z € [F, %ﬂ]

2sinz —v3>0 = sinz >

tanx < 1 Answer: x € [0, ) U (

sin? z — sinz cos >0

sinz(sinz — cosx) >0
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sinx >0
sinx > cosx

sinx <0
sinx < cosx
Answer: z € [T, 7] U [T, 27

5 PROPERTIES OF TRIANGLES

Let A, B, C be the vertices of a triangle, «, 3,7 the angles at A, B, C and
a, b, c the lengths of the sides opposite to A, B, C.
e Sine rule

a b c

sina  sinf  sinvy

e Cosine rule

a? = b2 4 ¢® — 2bccos o
b? = a® + ¢ — 2accos B
c® =a®+4b%> —2abcosy

e Special case: if « is a right angle

b=asinf =acosy, c=asiny=acosf, b=ctanf, c=btany
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6 EXERCISES - TRIGONOMETRY

EXERCISE 1

Using the fundamental identity and the addition formulas write:
1. sin 3z and sin 5z in terms of sin z;
2. cos 3z and cos4zx in terms of cosz;
3. tan 3z and tan 4z in terms of tan x;

4. (1 +sinx)? — 2sinz(1 + cosx) + sin 2z in terms of cos .

EXERCISE 2

Determine graphically the arc a such that:

l.sina:%With0<a<§ 4.coso¢:féwithg<o¢<7r
_ 1 :
2.Sina:*§With*%<O&<0 5. cosa = —g with 7 <a <27
3. sina:f%With —r<a<-3% 6. cosa:féwithw<a<3§
EXERCISE 3

Solve graphically (using the unit circle):

1. [tanx| > 1 2. |sinz| <

o

EXERCISE 4

Check graphically how many angles satisfy the following equations

1.sinx:%with0§x§27r 5.sinx:—éwith0§x§ﬂ'
2. tanxz%with()gxgg

6. sinx:—éwithogxg%’r
3. cosz:féwithogxgg
4.cosx=%with0§x§27r 7. tanx = 5 with 0 < x <27

EXERCISE 5
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1. The solutions to sinz
are:

= cosx
2km for any integer k

7 +km for any integer k
T+2km for any integer k
w4+ 2kw for any integer

(e) none of the above answers is

2. The solutions to sin® z+cos?z >
1, on [0, 27], are:

(a) 0<z< 3§

b) <<

)
)
()
(d)
)

no xr

ol

any «

none of the above answers is

(e

correct. correct.
EXERCISE 6
Solve the following equations on 0 < x < 27:
1. V2sinz+1=0 11. cos(2x+§):§
2. cosz =—1 12. sin(z + §) = sin(2z)
3. tanz =1 13. sin(z + %) = sin(2z + 27)
4. 2sinz — V3 =0 14. tan( — 22) = tan(3z — 5)

5. \/icosx—1:0
6. 2cos?z—1=0
7. 3tan?z—1=0

8. |sinz| =1

15.
16.
17.
18.

Vianfz +1=2
sinx —cosx =0
cosx +sinzcosx =0

sinx — 2sinxcosx = 0

9. sin2z = 1 19. 2cos’x —cosz —1=10
10. cosSac:—% 20. 2sin’z — 5sinz +2=10
EXERCISE 7

Solve the inequalities on [0, 27]:
1. 2sinz —1<0

2. cosxr < f%

3

3. tanz < 3

4. 2cos(r —5)—1<0

5. sinz + 2sin’z < 1

10

. sinz +cosx > 0

. sinz —cosx >0

. 3tan*z —1 < 0in (0,7)
Stan(v — 3) <1

. 2cos?x +cosz >0

(©Politecnico di Torino 12

Bridging course in mathematics



11. 2cos?z+cosz—1>0 13, 9sinz—cosz - |

12. 2cos?x —5cosz —3 >0

EXERCISE 8

Given the following two elements of a right triangle ABC with hypotenuse AB,
determine the remaining angles and sides:

1. AB=4and 8 = 30° 3. BC =+/3 and o = 60°
2. AB =6 and a = 45° 4. AC =7 and 8 = 75°
EXERCISE 9

Given the following three elements of a generic triangle, determine the remaining
angles and sides:

1. AB=AC =5 and o = 30° 3. BC =7, AC=3and o = 45°
2. AB=+/3; BC=2and =60° 4. AC =2, a =30°, 3 ="75°
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7 SOLUTIONS

EXERCISE 1

1. sin3x
sin bz
5sinx;

sin 3x
cosdx

tan 3z

tan 4x

= —4sin®z + 3sing,
= 15sin®x — 20sin® 2 +
= 4cos’xz — 3cosz,

=8cos?x — 8cos?x + 1;

3tanz — tan® 2
1 —3tan’x
7tanz(l — tan®)

1 +tan’z — 6tan’2’

(1 +sinz)? — 2sinz(1 + cosz) +
sin2x = 2 — cos

2.

EXERCISE 4

.2
1
none
none

none

EXERCISE 5

Solutions: b

EXERCISE 6

at

Y

1. ¢,

o =3

2.

“l¥

CIERSE

13
I R B

)

I

, C.

5

-3

™

V4 4

10. 2r 4r 10m ldr 16r 8x
11. 0,38 7, 1=
13. %%%?_g
4. 5+ kg
16. =, ¢
17. =, 3¢
18. 0,7, %, 3¢
19. 0,2, 4x
20. I,5x
EXERCISE 7
1. [0,%] U [32, 2q]
2 (3.%)
3. (0,5) U5 ) U (2
4. (&, 27
5. [0,F) U (% 2n] \ {37}
6. [0.5] U [ 27)
(5
8. 0.5)0 (.
9. 12,510 (3, %) U (3, 2]
10, (2,4) U [0,5) U (%, 27]
11. [0,%] U [53F,27]
12. (5,5)
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EXERCISE 8 EXERCISE 9

1. a =60°AC = 4; BC = 2/3; L f=7=T5%BC=5V2-3
- 2. a = 67.08%;y = 52.9°,AC =
2. B =45%A4C = BC = 3/2; 7_2V3
3. 8=30%AC = 1; 4B = 2: 3. B = 17.64°~ = 117.36°; AB =
8.79
4. a=15°AB=14y2-3;BC= 4.y = 75°AB = 2.BC =
72— V/3) 22— /3
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