Bridging course

Trigonometric functions

Bridging course in mathematics

Lesson 5

150 anni di Cultura
nica

Trigonometric functions

Lesson 5



Outline

e Angles

9 Trigonometric functions
@ symmetries
@ formulas

e Trigonometric equations

@ Triangle geometry

Bridging course Trigonometric functions

Lesson 5



Consider the two half-lines r, s emanating from a point O on the plane

@ (r,s) is an ordered pair

@ counter-clockwise rotations

@ «is a convex angle

@ [ is a concave angle

Special configurations
Qifr=s=a=0°

@ ifrls— a=90° ie, r and s are orthogonal
@ ifs=-r—=— a=180°
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REGIERS

In the Cartesian frame system with
origin 0
@ r = positive x-semi-axis

® ¥(0,R) = circle with centre 0
and radius R > 0

@ P=%(0,R)ns
@ AP = length of arc from A to P

| Measure in radians of the angle (r,s): o = AP/R|

Basic angles
degrees || 0° | 30° | 45° | 60° | 90° | 180° | 270° | 360°
R T Js s T 3
radlanS 0 6 Z 3 2 T > 27T
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Trigonometric functions :

P
@ %(0,1) unit circle (R = 1) /7\
X
) r

0
@ P = (cosx,sinx) v

The function
@ dom(f) =R, im(f) = [-1,1]
@ periodic T = 27 1] ‘
@ sin(0) = sin(w) =0 \Tr —7/2
@ sin(3)=1andsin (%) =-1 ‘ 7r)2 W\‘

@ sin(—x) = —sin(x) (odd) ) -1
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Trigonometric functions :

P
@ %(0,1) unit circle (R = 1) /7\
X
1 r

0
@ P = (cosx,sinx) U

The function
@ dom(f) =R, im(f) = [-1, 1]

@ periodic T = 27 /-\
@ cos (%) =cos(¥)=0 T T

@ cos(0) =1 and cos(m) = -1 ‘ 1

@ cos(—x) =cos(x) (even)
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Trigonometric functions :

P
@ £(0,1) unit circle (R = 1) /7\
X
1 r

0
@ P = (cosXx,sinx) v

The function
sinx
o y = ta.nX = | |
COS X | |
@ dom(f) =R\ {Z +kn, k € Z} /2 | 7/
@ im(f) =R /ﬂ | /2 h
@ periodic T =7 ‘ ‘
@ tan(0) =0
@ tan(—x) = —tan(x) (odd) | |
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Fundamental identity

@ %(0,1) unitcircle (R =1)

@ P = (cosx,sinx)

sin®x + cos?x =1

Basic angles and values

sin(§) =3 | sin(§) =% | sin(§) =¥
cos (§) = | cos(3) =3 | cos(3) =¥
tan (§) =32 |tan(3)=v3| tan(f) =1
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Angles and symmetries |

=)
@ %(0,1) unit circle (R = 1) /7\
X
. r

@ P = (cosx,sinx)

P; = (cos(x + m),sin(x + 7)) = (— cosx, — sinx)

@ sin(m + x) = —sin(x)
@ cos(m + x) = —cos(x)
@ tan(w + x) = tan(x)
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Angles and symmetries I

P
@ %(0,1) unit circle (R = 1) /7\
X
. r

@ P = (cosx,sinx)
P1

P, = (cos(2r — x),sin(2m — x)) = (cosx, —sinXx)

n—reflection
@ sin(2m — x) = sin(—x) = —sin(x)
@ cos(2m — X) = cos(—x) = cos(x)
@ tan(27 — x) = tan(—x) = —tan(x)
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Angles and symmetries Il

@ %(0,1) unitcircle (R =1)

: r
0
@ P = (cosx,sinx)

P3 = (cos(m — x),sin(m — X))

(—cosx,sinx)

g—reflection

@ sin(m — x) = sin(x)
@ cos(m — x) = —cos(x)
@ tan(m — x) = —tan(x)
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Angles and symmetries IV

@ %(0,1) unitcircle (R =1) P,

. r
0
@ P = (cosx,sinx)

Py = (cos (g +x) ,sin (g +x)) = (—sinx, cosx)
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Angles and symmetries V

@ %(0,1) unitcircle (R =1) Ps

. r
0
@ P = (cosx,sinx)

Ps = (cos (g — x) ,sin (g —x)) = (sinx, cosx)

g—reflection

@ sin (3 — x) = cosx
@ cos (F —x) =sinx
@ tan (5 — x) = cotx
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Addition formulas

sin(x +y) = sinxcosy + siny cosx

cos(x +y) = cosxcosy —sinxsiny
tanx + tan

tan(x +y) = riany

1—-tanxtany

Subtraction: write X —y =X + (—Y), use symmetries to get

sin(x —y) = sinxcosy — siny cosx

Duplication: write 2x = x + x to get
sin(2x) = 2sinxcosx

cos(2x) = cos?x —sin®x
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Addition formulas revisited

Product-to-sum

sinxcosy = 1(sin(x +y)+sin(x —y))
sinxsiny = 3(cos(x —y) — cos(x +Y))
1
2

cosxcosy = 3z(cos(x+Yy)+cos(x —Y))

Sum-to-product

. . _ . Xiy X:Fy
sinx &siny = 2sin =53 cos =~
cosx +cosy = 2cos*5Y cos 3t
_ — _2sin*Y gjn *=¥

COSX — COSsy = 2sin == sin =

Bridging course Trigonometric functions Lesson 5 15/21



Basic equations |

Look for
xeR: sin(x)=c

@ if |c| > 1 = no solution
@ if |c| < 1 = infinitely many solutions of the form

o1 € [—%, %] , a1+ 2k

ay =m—a1, ap+ 2Kt

N\ SN ~
™ 2 3t 2N o 3
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Basic equations I

Look for
xeR: cos(x)=c

@ if |c| > 1 = no solution
@ if |c| < 1 = infinitely many solutions of the form

0516[0,71'], a1 + 2k

ap =27 — a1, ap+ 2Kw

Cc
s
AT\ RN cZ PN 7N
L NS gt PN Na
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Linear equations in sin and cos

Given a,b,c, € R, look for
x € R: asin(x)+bcos(x)=c

Set
t =sin(x), s =cos(x)

and solve int and s
at+bs =c

t2+s2 =1

If (t,S) are solutions, find x € R :

{ sin(x) =

t
cos(x) =S
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Homogeneous eqn.s of degree 2

Givena,b,c, e R, look forx € R :

asin?(x) + b cos?(x) + ¢ sin(x) cos(x) = d

@ d = d(cos?(x) + sin?(x))

@ divide by cos?(x)

@ d = d(cos?(x) + sin®(x))

@ solve
@ solve _
(@-d)t?+ct+(b—-d)=0 ~ t
cos(x)[(b —d)cosx +csinx] =0

@ find solutions x € R to

tan(x) =t
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Trigonometric equations and inequalities

Broad indications

@ write all trigonometric functions using only sine and cosine
@ express everything in terms of the same angle

@ in absence of constant summands, factorize the equation
o

examine the admissible values carefully, when performing algebraic
operations such as dividing by a function

©

sketch a picture

@ interpret geometrically on the unit circle
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Properties of triangles

a b ¢
sina sing  siny

a? = b? +c?2 — 2bccos
b? = a? + ¢2 — 2accos 3
c? =a’+b? - 2abcosy

Bridging course

b=asing=acosy
c =asiny=acosf
b=ctang
c =btan~y

Trigonometric functions

Lesson 5

21/21



	Angles
	Trigonometric functions
	symmetries
	formulas

	Trigonometric equations
	Triangle geometry

