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The exponential map

Given a real number a > 0, one calls exponential map in base a
the function

X — a%

Domain and range

The exponential map x — a* has
@ domain R
@ range (0, +o0)

Recall
@ foreverya > 0andany x,y € R
1 11

a’=1 al=a atl= S @t =a% @) =aY

@ ifa = 1, the map is constant: 1* =1
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Graph of the exponential map

/

(a) exponential in basea > 1

(b) exponential in base a < 1

@ The graph passes through the points (0,1) and (1,a)
@ If a > 1, the function x — a* is positive and increasing
@ If a < 1, the function x — a* is positive and decreasing
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@ The graph of the exponential map in base a is symmetric to the

graph in base 1/a with respect to the y-axis

A special function

@ A central role is played by the exponential map in base e

y=¢"

As e ~ 2,718, the exponential in base e has an intermediate
behaviour between the exponentials in base 2 and 3
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Inversion

Given f(x) = a* with real a > 0, and the positive real number yj,
consider the equation a* = yq

Cases

@a=1
the equation is solved by any real number if yo = 1, while
it has no solution for yg #£ 1
2a#1l
for any yo > 0 the equation has one, and only one, solution X,
called the logarithm in base a of yg

The second case defines, for any yp € (0, c0), a function:

Yo + 10d, Yo
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The logarithm function

Given a real number a > 0, a # 1, one calls logarithm in base a the
map

‘ X — log, X

Domain and range

The logarithm y = log, x has
@ domain (0,+oc0)
@ range R

A special function

Choosing e as base defines the so-called natural logarithm, which is
customarily denoted by

y =Inx
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(c) logarithmin base a > 1 (d) logarithminbasea < 1

@ The graph passes through the points (1,0),(a, 1), (%, -1)
@ If a > 1 the map is increasing, negative on (0, 1), positive on (1, o)

@ If a < 1 the map is decreasing, positive on (0, 1), negative on (1, co)
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Properties

Consider positive reals a # 1, X, y, and let z be another given real

@ log, xy = log,x +log,y
° Ioga§‘7 =log, x —log,y
@ log, x* = zlog, X

Furthermore, if b is a positive real # 1, then the formula of base
change for logarithms holds:

_ log, x
log, X = log, b
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Exponentials and logarithms

The graphs of y = @* and y = log, X (same base) are symmetric to
each other with respect to the bisectrix of the first and third quadrant

Hence, if the point (p, q) belongs to the exponential graph, then (q,p)
lies on the logarithm graph

Reason

The logarithm and the exponential satisfy the following relationships
@ al°%Yo =y, Vyg € (0, +o0)
@ log, (@) =xp VXp €R
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Exponential equations |

Type: a’®) =k witha >0, a#1andk € R
Solution: ifk >0, f(x)=log,k (what if Kk <0 ??7?)

g.2x-1_2x+1_ 16
8. 2%

—2.2% = 16
(4-2)-2* = 16
2* = 8

X = 3
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Exponential equations Il

Type: af(®) = gg(x)
Solution: f(x) = g(x)

22x2+x o 2x3+2x

=0

22x34x

x(2x + 1)
X(—x?4+2x —1) =
X (—(x — 1)2) =
x=0 or

2x3+2x
X(x? +2)
0

0

Xx=1
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Exponential equations I

Type: a®) =p9™) b >0, b#£1
Solution: write b9*) = a9()legab  then apply log,

2X+1 — 51—X

2x+1 2(1—x) log, 5

x+1 = (1-x)log,5
x(1 + log, 5) log5 —1
log,5 -1
1+log,5
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Exponential equations I

Another example

2X+15X—1 _ 23X

IN2X +In5*1 = |n3¥
XxIN2+xIn5—-xIn3 = In5
B In5
~ In2+In5-1In3

Bridging course Exponentials and logarithms Lesson 4 14/ 25



Exponential equations IV

Type: f(a*) =0
Solution: seta* =t, thensolvef(t)=0

22—X o 23—X + 22X — 0

TR Pk Lt = )

2= = =2° substitution: t = 2%
=2 = =i
t2 = (22-22)=8-4=4=2
22X — 22
2X = 2
x =1
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Exponential inequalities

Type: a™®) > a9 a>0, a#1

Solution: ifa>1, f(x)> g(x)
ifa<1, f(x)<g(x)

(&) > 4

1 (x+1)x
G) -
(x +1)x

X2+ x -2
=2 <

VAN

X O N —

:

~ie
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Exponential inequalities

Type: f(a*) >c
Solution: seta* =t, andsolve f(t) >c

2.2 -3<0

22X _2.2-3 < 0 substitution t = 2%
t?-2t—3 < 0
-1 < t<3
-1 < 2¥<3
X < log,3
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Logarithmic equalities |

Type: log,f(x) =bwitha>0,a# landb R
Solution: where f(x) >0, f(x)=aP

Warning
It's always necessary to determine the existence domain,

since log is defined only when its argument is strictly > 0

Example
2 +log, x = log, 7 D = (0; 4+00)

| A\

log,x = log,7 —2
X = 2I0927—2

R = %(valid,becausee D)
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Logarithmic equalities |

log,(x +6) +log,x =2 D = (0; 4+00)
log,(x? +6x) = 2
x24+6x—16 = 0
. {—8 (not valid)
2
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Logarithmic equalities Il

Type: log, f(x) = log, g(x)
Solution: where f(x) > 0and g(x) >0, f(x)

log, x +log:(x —1) =3
2

log,x = log,(x —1)+3
2Iogzx _ 2Iog2(x—1)+3
= (x—1)23
= 8x—8
x = 8
8
= = (ok
X - (k)

D = (1; +0)
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Logarithmic equalities Il

log,(x + 1) = log,(2x + 5) D = (—1; +00)
~ logy(2x +5)
IogZ(X + 1) - |0g24
1
logy(x +1) = > log,(2x + 5)
log,(x +1) = log,(2x + 5)%
Xx+1 = Vv2x+5
x242x+1 = 2x+5
x?~4 = 0
. {—2 (not valid)
)2
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Logarithmic equalities I

Type: f(logyx) =0
Solution: setlog,x =t, then solve f(t) =0

logzx — 2log,x —3 =0 D = (0; +o0)

logix —2log,x —3 = 0 substitution t = log, x
t?-2t-3 = 0
(t-3)(t+1) = 0

t = —1lor3
log,x = —lor3
x=1/2 or x=
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Logarithmic inequalities |

Type: log, f(x) > log, g(x)
Solution: ifa> 1, f(x) > g(x);
ifa<1, f(x)<g(x)

log, X — 10923 < log,(x + 2) D = (0; +0)
X
log, 3 < log,(x + 2)
X
= 2
3 < X+
X > -3
and keeping the domain into account, the solutionis x > 0
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Logarithmic inequalities |

log,(x2 + 1) > log,(2x + 4) D = (—2; +0)
log,(x? +1) > log,(2x + 4)
x2+1 > 2x+4
x2-2x—-3 > 0
x=3)x+1) > 0
XxX<-—-lorx > 3
and because of the domain, the solutionis -2 <x < —-l1orx >3 |
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Logarithmic inequalities I

Type: f(logx) >c
Solution: setlogx =t, and solve f(t) >c

log3x — 2log,x >0 D = (0; +00)
logix —2log,x > 0 substitution t = log, x
t?-2t > 0

tt?-2) > 0
t>v2 or —V2<t<O0
x>2ﬁ or 2‘f2<x<1
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